R6sum6. -Les calculs relativistes de bandes par la methode des ondes planes orthogonaliskes ont ktk menks A bien aux points de symetrie simple dans la zone rkduite de Brillouin pour plusieurs composCs IV-VI. La structure de bande dans le reste de la zone a et6 deduite par interpolation. A notre connaissance, ce sont les premiers calculs de bandes pour Ies composb IV-V1 qui se basent au depart sur des principes relativistes (contrairement aux calculs non relativistes affines par des corrections relativistes et de couplage spin-orbite). Nos calculs conduisent A des modkles de bandes ayant une rkalitk physique, qui sont suffisamment prkcis pour tenir compte de la plupart des singularitks des spectres expkrimentaux de rkflectivitk. 11 est difficile #interpreter les spectres d'kectroreflectivite sans ambigufte a l'aide de ces modeles de bande mais un certain nombre de recoupements plausibles dans les spectres peuvent &re faits.
I. Introduction. -During the past 15 years, a n enormous amount of experimental and theoretical effort has been devoted to the study of the energy band structure (and related properties) of the IV-V1 semiconducting compounds, particularly PbS, PbSe, PbTe, SnTe, GeTe, and their alloys. As a result of this effort, we now know a great deal about the principal band edges (highest valence band maxima and lowest conduction band minima) of these materials. We also have a good qualitative idea of the overall form of the band structure throughout the reduced zone over an energy range of several eV. Recent summaries of the vast literature on the lead salts include those by Putley [l] and Prakash [2] . Much of our theoretical understanding of the principal band edges stems from the analyses of Dimmock and Wright [3] Cuff et al., [4] , and Mitchell and Wallis [7] , Ferreira, [g] and Rabii [9] , and by the empi- In spite of all the work that has already been done on the band structure of the IV-V1 compounds, our knowledge is still incomplete, and many important questions remain to be answered. Though it is generally believed that the symmetry classification of the principal band edges in some of the IV-V1 compounds is known, the evidence in some cases is rather circumstantial, and it would be reassuring to have more definite experimental or theoretical evidence to clinch the matter. It would also be highly desirable to have more Article published online by EDP Sciences and available at http://dx.doi.org/10.1051/jphyscol:1968410 C 4 -6 3 precise information about subsidiary valence and conduction band edges in the various IV-VS compounds as well as more accurate pictures of the overall band structures. In all of these domains, more precise information would put an end to current speculations and greatly accelerate progress in the correlation of experiment and theory.
With a view toward obtaining improved energy band pictures for the IV-VS compounds, we have carried out fully relativistic OPW energy band calculations for GeTe, SnTe, PbTe, PbSe, and PbS at a number of key points in the reduced zone, including T, X, L, and C (g 1/2 0). The band structure in the remainder of the zone was then mapped out with the aid of an interpolation scheme. The resulting energy band pictures appear to be more realistic than those given by earlier band calculations. In this paper we will outline our approach and report some of our results ; further results, including empirically-refined first-principles solutions, still more precise energy band pictures, and optical spectrum calculations will be presented in a subsequent publication 1131.
IS. Non-relativistic OPW energy band calculations. -For purposes of orientation, non-relativistic OPW band calculations were carried out for GeTe, SnTe, PbTe, PbSe, and PbS using 181 OPWs at the zone center and a similar number of OPWs at other points in the reduced zone. As in other recent OPW band calculations [14-211 the trial crystal potential was represented by a spatial superposition of overlapping atomic potentials. The calculations were first carried out using non-relativistic self-consistent neutral atom potentials based on the Slater free-electron exchange approximation ; the computations were then repeated using the Kohn-Sham version of this approximation. Representative results for both versions are listed in table I in the E (NREL) columns.
Although both exchange models give qualitatively similar band structures, the Slater mode1 leads to somewhat larger energy separations between valence and conduction bands in some regions. (This statement is also true for the relativistic calculations which will be discussed later.) In view of the exploratory nature of these non-relativistic calculations, we decided not to iterate the solutions so as to obtain self-consistent crystal potentials and energy band structures, as we have done for other semiconductors [14- 161. 111. Relativistic OPW energy band calculations. -It has been recognized for some time that the neglect of relativistic [6, 22] and spin-orbit coupling effects [23] can lead to serious errors in first-principles band calculations, particularly for crystals composed of heavy atoms, such as lead and mercury compounds. However, even in crystals such as Ge, the relativistic (massvelocity and Darwin) corrections [6, 221 are quite substantial : the relativistic correction for the direct band gap of Ge is just about as large as the direct band gap itself (0.8 eV) [20] .
One way of taking relativistic and spin-orbit coupling effects into account (within the framework of non-relativistic band calculations) is by first-order perturbation theory. This is the approach used in the earlier APW band calculations for the lead salts, [6-91 and in our own earlier OPW band calculations for a variety of crystals [14-1 81.
A more rigorous and physically satisfying approach involves carrying through all the calculations within a relativistic framework [24, 251. Once the relativistic computer codes are developed, it is just as easy, and only slightly more expensive, to perform fully relativistic band calculations rather than non-relativistic band calculations supplemented by perturbation corrections. We have already studied over 25 different crystals using both approaches, and over 25 additional crystals (mostly composed of the lighter atoms) using the non-relativistic-perturbation approach only [20] .
Our relativistic band calculations are based on Soven's relativistic formulation [25] of the OPW method, but our choice of crystal potential differs considerably from Soven's. In contrast to Sovenwho was primarily interested in metallic crystals such as thallium -our relativistic trial potential is represented by a spatial superposition of overlapping atomic potentials (just as in the non-relativistic case), and this crystal potential is used for core, valence, and conduction band states alike. In the present context, we use relativistic self-consistent atomic potentials of the Slater or Kohn-Sham free-electron exchange type 1261 rather than their non-relativistic counterparts, [27] as before. To insure the same high degree of convergence as in our non-relativistic calculations, the same number of OPWs is used now as before (e. g., 181 OPWs at the zone center).
We have rederived Soven's expression for the relativistic OPW matrix elements and reduced all of these to forms involving radial integrals (Ref. [25] does not contain the fully reduced forms). In the Appendix, we outline the essential features of the relativistic OPW method, and then we write down the fully reduced expressions for the various matrix elements. The Appendix should be of particular interest to those planning first-principles or parametrically-simulated relativistic OPW band calculations. Now for a few words about our notation. It is convenient to use the symbol E (REL) to denote the full relativistic energy level scheme, as given by a relativistic band calculation ; and the symbol E* (REL) to denote the closely related scheme in which spin-orbit split levels in E (REL) are represented by their weighted means. The ordinary non-relativistic energy level scheme E (NREL) and the reduced relativistic scheme E* (REL) are both expressed in single group notation, while the E (REL) scheme is expressed in double group notation [23] . Apart from exceptional cases where nearby levels in the E (REL) scheme are strongly coupled by the spin-orbit interaction, the passage from E (REL) to E* (REL) is straightforward.
Some of the E (REL) solutions based on Slater exchange are listed in table 11. The spin-orbit splittings AE (SO) are also shown here for convenience. The reduced scheme E* (REL) based on Slater exchange is displayed in table I. The E (REL) and E* (REL) schemes based on Kohn-Sham exchange are not shown because they bear the same relation to the Slater-type E (REL) and E" (REL) schemes that the corresponding E (NREL) schemes displayed in table I do to one another. Moreover, both treatments of exchange lead to spin-orbit splittings which usually agree to within a few hundredths of an eV.
To avoid possible complications with switched band edges at L (See section VI) the zero of energy Electronic energy levels for GeTe, SnTe, PbTe, PbSe, and PbS, based on relativistic OPW band calculations (Slater exchange). All entries are in eV. IV. Relativistic corrections in retrospect. -Since we have analogous E (NREL), E (REL), and E* (REL) solutions at our disposal, we can define the relativistic corrections BE (REL) as follows : BE (REL) = E' (REL) -E (NREL). By comparing the relativistic corrections thus defined with the estimates given by perturbation theory [6-9, 271 we can determine how accurate these estimates really are. In the case of the lead salts, we find that the perturbation estimates are often in error by as much as 0.2 eV for interband energies that are affected only moderately by the inclusion of relativistic effects, and by as much,as 0.4 eV for strongly affected interband energies. Considering that some of the relativistic corrections are as large as 3 eV for these materials, perturbation theory is seen to give reasonably good estimates. However, if one is striving for a mathematical accuracy approaching 0.1 eV, the perturbation approach is clearly deficient.
Part of the difficulty with the perturbation approach stems from the approximate nature of the relativistic correction terms that appear in first-order perturbation theory [6-9, 271. Another difficulty is that the perturbation approach neglects the change in selfconsistent atomic potentials associated with the inclusion of relativistic terms 1281. In spite of these shortcomings, however, the perturbation approach usually gives reasonable results, not only for the relativistic corrections AE (REL), but also for the spinorbit spljttings AE (SO).
In any event, it is clear that relativistic and spinorbit coupling effects must be taken into account if realistic energy band pictures are to be determined.
V. Preliminary energy band pictures for the IV-V1
compounds. -Although it is possible in principle to map out the band structure throughout the reduced zone by carrying out first-principles band calculations at a sufficiently large number of points, it is more economical (and nearly as satisfactory) to carry out such calculations only at a few key points, and then to extend the solutions into the remainder of the zone with the aid of a parametric interpolation scheme 118-201.
Using a modified pseudopotential interpolation scheme similar to that described in earlier publications 118-201 interpolated energy band pictures of the E* (REL) type have been obtained for GeTe SnTe, PbTe, PbSe, and PbS. These band pictures were adjusted (by least-squares) to the three highest valence and the three lowest conduction band levels of the E* (REL) type at f , X, L, and . Z ('/2 '/2 0). In some cases, additional E* (REL) levels at A (S 0 0) and W were also employed. This interpolation scheme, which is based on a local pseudopotential and a kinetic energy term containing an adjustable effective mass parameter, is able to reproduce the E* (REL) levels reasonably well over a 10 eV range extending roughly 5 eV below and 5 eV above the direct band gap at L. Beyond this range (and even on the fringes of this range), the interpolation scheme breaks down, failing to reproduce the first-principles E* (REL) levels with any degree of accuracy.
The interpolated band pictures (for the Slater-type solutions) were then improved in two ways. In the first place, we drew free-hand sketches of the energy bands in some of the regions where the interpolation scheme was defective. In the second place, the spin-orbit splitting was incorporated into the final pictures so that we would match the E (REL) levels at the points where these levels had been calculated from first principles. Of course, this involved estimating the spin-orbit splitting at intermediate points in the zone, but this is not too difficult to do if one is content with an accuracy of a few tenths of an eV. The preliminary energy band pictures shown in figs. 1 through 5 are based on the first-principles E (REL) levels at key points in the zone, and on interpolation and spin-orbit splitting estimates elsewhere in the zone. We believe that these pictures represent the first-principles E (REL) levels throughout the zone to within a few tenths of an eV over an energy range of about 10 eV.
In order to obtain more accurate renditions of our E (REL) solutions throughout the zone, it will be necessary to use a more sophisticated (possibly a nonlocal, energy-dependent) interpolation scheme which is valid over a wider energy range, and includes a simulated spin-orbit interaction term [29] . Such a scheme could be fitted directly to the E (REL) levels at key points in the zone, thus avoiding the intermediate step of an adjustment to the reduced E* (REL) levels. Of course, we could also obtain first-principles E (REL) levels at a few additional points in the zone to improve the first-principles sample.
At this writing we have nearly completed the development of an improved interpolation scheme of the type just described, but until this scheme becomes operational, we will have to be content with the preliminary band pictures shown in figs. 1 through 5.
It is clear from these figures that the energy level schemes of GeTe, SnTe, PbTe, PbSe, and PbS have a great deal in common, though there are obviously systematic differences from crystal to crystal arising from chemical shifts, differences in lattice constant, and differences in the magnitude of the spin-orbit splitting. (Relativistic shifts are here included in the catch-all expression c( chemical shifts )).) But even allowing for these systematic differences, it is evident that over an energy range of about 20 eV, most of the valence and conduction band levels at key points in the zone occur in nearly the same general order.
To dramatize this point, we present a composite view of the E (REL) levels at T, X, L, and . Z (S 1/2 0)
for the five IV-V1 compounds in fig. 6 . It is interesting to note that there is more regularity in the PbSPbSe-PbTe sequence than in the GeTe-SnTe-PbTe sequence. Since the chemical shifts and the spinorbit splittings vary in a regular manner in both sequences, the contrast just noted might arise from lattice constant effects. Indeed, if one compares the lattice constant differences in the PbS-PbSe-PbTe sequence (cf. rences in analogous sequences such as HgS-HgSeHgTe, CdS-CdSe-CdTe, and ZnS-ZnSe-ZnTe, one finds a remarkable degree of similarity ; while if one compares GeTe-SnTe-PbTe with an analogue such as ZnTe-CdTe-HgTe (or even ZnSe-CdSe-HgSe or ZnS-CdS-HgS) one finds a definite lack of similarity. The change in lattice constant in going from GeTe to SnTe is about 2.5 times as large as that in going from SnTe to PbTe, while in the other sequences, the change in going from ZnX to CdX is an order of magnitude larger than that in going from CdX to HgX, where X = Te, Se, or S. For all of these sequences to be similar, we would require the lattice constants of SnTe and PbTe to be closer together than they actually are (cf. table 111). Presumably, the irregularity of the energy levels in the GeTe-SnTe-PbTe sequence could be removed (theoretically) by increasing the lattice constant of SnTe and/or decreasing the lattice constant of PbTe. If these arguments are correct, then the energy levels of normal GeTe, normal SnTe, and PbTe under extreme pressure should show a higher degree of regularity than is evident in figure 6. VI. Comments on the experimental situation. -Before comparing our theoretical results with experiment, let us recapitulate some of the current ideas about the electronic structure of PbTe and related crystals. It is widely believed [l- 101 that the principal band edges in PbS, PbSe, and PbTe occur at the L point in the reduced zone, and that the symmetry classification of these band edges is the same in all three crystals : valence band edge = L: and conduction band edge = L; in double group notation. This view is consistent with the fact that the temperature and pressure dependence of the direct band gaps in these three crystals is nearly the same. Various transport measurements suggest the presence of a subsidiary valence band edge just below the principal valence band edge in PbTe (and possibly also in PbSe and PbS), but the detailed nature of this subsidiary edge is uncertain.
According to a recently proposed energy band model for the Pb,Sn,-,.Te alloy system [30], the valence and conduction band edges remain at the L points over the entire composition range, but L: and La switch roles at an intermediate composition. In order to account for the fact that the band gap becomes smaller if Sn is added to Pb-rich alloys, and also if Pb is added to Sn-rich alloys, this model regards the L: and L; levels as coming together and then crossing, as one traverses the alloy system in either direction. Because of the crossover, the valence band edge in SnTe (and in Sn-rich alloys) is defined by L;, and the conduction band edge by L:.
Just as the band gaps of PbTe, PbSe, and PbS all increase with increasing temperature, so the band gaps of SnTe and GeTe both decrease with increasing temperature [31] . This contrast in temperature dependence suggests (but does not prove conclusively) that the principal band edges in GeTe are more nearly akin to those in SnTe than to those in PbTe. That is to say, if the direct band gap in GeTe occurs at points related to L (recall that GeTe is actually rhombohedral rather than cubic at room temperature and below), then the valence and conduction band edges will be derived from LT and L: levels, respectively.
There .is also some evidence for subsidiary valence band edges in SnTe and GeTe [32] but the zone location and symmetry classification of these edges remain open questions, though there is some theoretical support for maxima along the , Z axes in SnTe [l l] .
The optical reflectivity measurements of Cardona and Greenaway [33] the photoemission measurements of Spicer and his co-workers [34] and the electroreflectivity measurements of Aspnes and Cardona [35, 36] and of Seraphin [37] all provide important potential sources of information regarding the overall band structure of various IV-V1 compounds. In fact, the pioneering empirical pseudopotential band models for the lead salts [l01 were based in large measure on a plausible (though not necessarily unique) interpretation of Cardona and Greenaway's reflectivity spectra. Although it is very easy to interpret most of these measurements in the spirit of an educated guessing game, it is becoming increasingly evident from detailed examinations of better-understood crystals -such as tetrahedrally-bonded semiconductors [14-211 -that mere guesswork often falls far off the mark, and that tentative (or even categorical) assignments of spectral structure should be treated with the greatest caution. One of the objectives of the present study, of course, is to provide improved energy band models which hopefully will reduce the uncertainty of current theoretical interpretations of experimental spectra.
VII. Comments on the theoretical situation. -As we have indicated in a recent series of papers [14-211 our approach to band structure calculations involves two essential steps. In the first step, we carry out a first-principles band calculation and thereby obtain a provisional energy band picture. In the second step, we introduce an empirical correction which brings the theoretical band picture into exact (or close) agreement with the best established experimental features. In practice, this amounts to changing a few features of the trial crystal potential so that a corresponding number of interband energy separations are in accord with experiment. Treating this change in the trial crystal potential as a perturbation (which it normally is), we then recalculate the entire band structure, and thereby obtain a modified band picture which hopefully agrees better with experiment not only in the fitted regions, but in the unfitted regions as well.
In the case of tetrahedrally-bonded semiconducting compounds [17-211 we have usually been able to make substantial improvements in our first-principles solutions, where such improvements prove necessary, by using a three-parameter empirical correction scheme. TWO of these parameters are used to modify the effective crystal potential in the cation and anion core regions, and the third to raise or lower the potential in the interstitial region relative to the core regions.
In order to make similar progress in the present study, it is necessary to know three or more interband energy separations (per crystal) with a high degree of certainty. Reviewing the experimental information included in table IV, we find that apart from the direct band gaps, there are hardly any other transition energies that can be assigned to specific interband transitions (at precise positions in the zone) with an accuracy of the order of 0.1 eV. It shsuld be borne in mind that the reflectivity peaks are associated with interband transitions belonging to extensive regions of the reduced zone : such associations usually provide only a rough measure of the key interband transitiops which characterize these regions. Although the electroreflectivity (ER) peaks can usually be measured quite accurately, the identification of these peaks is often ambiguous.
As can be seen from table I, where the E (NREL) solutions for the Slater and Kohn-Sham exchange models are compared, the Kohn-Sham model usually leads to smaller energy separations between the valence and the conduction bands. Since both of these models are based on a variety of physical approximations, we should not expect either model to lead to a band structure which agrees exactly with experiment. In fact, the difference between the Slater and Kohn-Sham solutions provides a realistic measure of the uncertainty in the calculated band structure associated with the uncertainty in present-day treatments of exchange (and correlation) effects. Since we have found in earlier studies of 11-V1 compounds [18-201 that the Slater model gives results in closer agreement with experiment than the Kohn-Sham model, we would be inclined to favor the Slater model in the present study of IV-V1 compounds. At the same time, we have found the Kohn-Sham model to be superior in some respects in applications to column IV semiconductors and 111-V compounds [20-211. Hence we cannot dismiss the Kohn-Sham model, especially in the case of GeTe and SnTe.
In practice, we find that the Slater solutions give a better account of the experimental situation for the IV-V1 compounds than the Kohn-Sham solutions do. It is for this reason that we have concentrated on the Slater solutions in table I1 and in figures l through 6.
In the next section, we will relate the first-principles E (REL) solutions to experiment. By doing so, we will be able to check the adequacy of these solutions and at the same time pave the way for subsequent empirical refinements [l 31 .
VIII. Comparison between theory and experiment. -
The Slater (and also the Kohn-Sham) E (REL) solutions place the principal valence and conduction band edges at L in all five crystals, in accord with experiment (at least for SnTe, PbTe, PbSe, and PbS ; the experimental situation in GeTe is uncertain). In the case of the lead salts, the Slater model leads to the correct ordering of L; and L: in the neighborhood of the band gap, as well as to remarkably accurate values for the band gaps themselves. Because the three conduction bands have moved down relative to the valence bands in the Kohn-Sham model, the ordering of L; and L: is incorrectly given by this model, and the band gap differs from experiment by several tenths of an eV.
In the case of SnTe, both exchange models place L : above L;, in accord with experiment In the present study, GeTe is assumed to have the rock-salt structure, and a lattice constant corresponding to an elevated temperature (cf. table 111). However, most of the experimental evidence refers to the rhombohedral form of GeTe 138) at room temperature and below [31, 321 . In particular, the band gap of rhombohedral GeTe at room temperature is about 0.1 eV [32] . Since the experimental band gap decreases with increasing temperature, we should compare our theoretical band gaps with a (( high temperature )) band gap of about 0 eV. Our Kohn-Sham band gap (L6 -L: ) is 0.02 eV, while the corresponding Slater value is 0.30 eV. If the difference between the rhombohedral and rock-salt crystal structures makes no appreciable difference in the magnitude of the direct band gap, then the KohnSham model is in better agreement with experiment than the Slater model. However, if the crystal structure difference could change the band gap by a few tenths of an eV, both models must be considered within striking distance of experiment. (We plan to carry out relativistic OPW band calculations for rhombohedral GeTe using the room temperature lattice parameters [38] so that we can come closer to the actual experimental situation.)
The direct band gap at L (between bands 5 and 6) defines an M, critical point : the surfaces of constant energy separation are ellipsoidal in the vicinity of L. The well-defined valence band maxima and conduction band minima along the A and C axes in figures 1 through 5 are not necessarily subsidiary band edges, since the valence band energy may increase (and the conduction band energy may decrease) as one moves away from these axes in one or more perpendicular direction. Our solutions suggest that the highest valence band maxima and the lowest conduction band minima along the A and C axes are more likely to be saddle points than absolute extrema. Moreover, the minimum energy separations along the A and C axes define M, and M, critical points, since the surfaces of constant energy separation are hyperbolic in these neighborhoods. In the future, we will refer to these as the A and C saddle points.
ReJlectivity Spectra. Cardona and Greenaway [33] (hereafter CG) have measured the reflectivity spectra of GeTe, SnTe, PbTe, PbSe, PbS, and related materials. They have arranged corresponding reflectivity peaks and shoulders into families and labeled these E, to E,. The experimental results of CG are very useful because they contain many important clues regarding the overall band structure of these materials. In the following discussion, we will offer an interpretation of these results which is based partly on the correlation with our theoretical energy level separations (cf. table IV), and partly on the outcome of some preliminary optical spectrum calculations which we have carried out for SnTe (see also Lin et al. [l11 for an analysis of the reflectivity spectrum of SnTe).
It is by now widely recognized that reflectivity peaks are associated with electronic transitions between pairs of bands which remain nearly parallel to one another over a significant fraction of the reduced zbne. In simple cases it is convenient to discuss these regions of nearly constant energy separation in terms of related critical points ; in more complex cases such a discussion may not be particularly illuminating. In the present application, it is important to bear in mind that large regions of nearly constant energy separation may be associated with C and A saddle points, as well as with such symmetry points as r, X, L, and W.
As an illustration, let us consider band 5 -+ band 6 transitions in SnTe. Although it is not evident from figure 2, the interband separation is nearly constant in a region which starts at the C saddle point and extends in the general direction of L, and in another region which starts at the A saddle point and extends in the direction of the A axis.
The E, structure (absorption shoulder in SnTe; weak reflectivity peak in PbTe, PbSe, and PbS) appears to arise primarily from band 5 -+ band 6 transitions in a region close to the X saddle point which extends toward L. In the lead salts, we would also expect significant contributions from band 5 + band 7 transitions in a region close to L which extends toward C (cf. table IV). In GeTe, the absorption threshold at about 0.6 eV (as measured in transmission by Aspnes and Cardona [36] ) may be associated with band 5 + band 7 and band 5 + band 8 transitions in the neighborhood of the L points, or even with band 5 + band 6 transitions in the vicinity of the Z saddle point. In any event, the observed absorption threshold should lie slightly above the related minimum band gap, because of the high carrier concentration (Burstein effect).
The E, structure (main reflectivity peak) appears to arise from various types of transitions. In SnTe, PbTe, PbSe, and PbS, the principal contributions appear to come from band 5 -+ band 6 transitions in the vicinity of the A saddle point, and from band 4 + band 6 and band 5 -t band 7 transitions in the neighborhood of the X saddle point. In GeTe, band 3 + bands 7 and 8 transitions near L may play a role in addition to those just mentioned (cf . table IV) .
The E, structure (shoulder or weak reflectivity peak) also appears to arise from more than one type of transition. In SnTe, PbTe, PbSe, and PbS, the principal contribution appears to come from band 4 + band 7 transitions near the X saddle point; in some of these materials there may also be significant contributions from bands 3 and 4 + band 6 transitions near the A saddle point, and even from bands 3 and 4 -+ band 8 transitions near L. In GeTe, The highest valence band is denoted by (5), and the lowest the A-type transitions are probably more important than the Z-and L-type transitions. In examining Cardona and Greenaway's E,, E, and E, values for the IV-V1 compounds, Prakash [2] noted that these values are approximately in the ratio of 1 : 2 : 3 in most cases, but could not see any particular significance to the exactness of this ratio.
In our view, the rough 1 : 2 : 3 ratio for E,, E, and E, in SnTe, PbTe, PbSe and PbS arises from the following two considerations : first, the interband separations between bands 4 and 5, 5 and 6, and 6 and 7 are nearly equal in the vicinity of the Z saddle points in these materials ; and second, interband transitions in this vicinity play an important role in establishing the E,, E, and^, reflectivity peaks, as noted in the preceding-three paragraphs.
The E, structure (weak reflectivity peak) appears to arise from bands 4 and 5 + band 6 transitions near X and along adjoining part of the A axis. Going by the correlation between theory and experiment (cf. table IV), we would place the 6.2 rather than the 5.4 eV peak in GeTe in the E, family. The E, structure (weak reflectivity peak) appears to arise from several types of interband transitions, including band 3 -+ bands 9, 10 and 11 and band 2 + band 6 near the center of the zone, and band 3 + band 6 near the X points. The correlation between theory and experiment (cf. table IV) suggests that in GeTe, the 7.8 rather than the 6.2 eV peak belongs to the E, family.
We have not reached any definite conclusions regarding the origin of the E, structure (weak peaks at higher energies). However, the rise in reflectivity above 15 eV in the lead salts can be attributed to transitions form filled d bands to various conduction bands, as suggested by CG. (This suggestion is consistent with the location of the cation d bands, as can be seen from table 111.) ElectroreJZectivity Spectra. If we take the position that electroreflectivity (ER) peaks are associated with conduction band by (6). The C and A transitions refer to the saddle point transitions along the C and A axes. The theoretical E (REL) values for the C and A transitions are uncertain by about 0.1 to 0.2 eV (in some cases) because they were obtained hv interoolation. rather than bv direct calculation. . Note that we are comparing our theoretical results with reflectivity spectra, rather than with e z spectra, which are more closely related to the band structure. It should be borne in mind that corresponding reflectivity and E Z peaks may be displaced from one another by a few tenths of an eV, and, moreover, that the critical point transitions listed may lie a few critical-point transitions, we are faced with the perplexing problem of having to relate the rich ER spectra of the IV-V1 compounds, as measured by Aspnes and Cardona [35, 361 (see also Seraphin [37] ), to the even richer assortment of critical-point transitions that our band calculations reveal at T, X, L, and W, along the C and A axes, and at more general points in the zone. If there is really an ER peak (including satellite structure) associated with each of the critical-point transitions, where are the missing ER peaks ?
It is possible to, associate many of the experimental ER peaks with the more obvious and familiar criticalpoint transitions, but it is quite difficult to establish the uniqueness of these associations, at least within the framework of available experimental and theoretical information.
To the extent that our own band calculations approximate the experimental situation, provisional assignments of some ER peaks can be made. These assignments are shown in parentheses in the EXPT columns of table IV. The E,-type ER peaks in PbTe (1 .l8 to 1.25 eV), PbSe (1.53 eV), and PbS (1.85 eV) are In the case of PbS, our calculations show that the L, spin-orbit splitting is 0.04 eV (cf. table 11), while the experimental separation is considerably larger (0.13 eV). In the case of PbSe, our calculated L, spin-orbit tenths of an eV above or below the corresponding EZ peaks. To call attention to these possible energy displacements, we have placed related theoretical and experimental values in different rows (These remarks do not apply to Eo.) (f) Because of the switchover of L : and L; in SnTe, the E (REL) entries for SnTe in this section have been keyed to the band indices rather than to the symmetry symbols.
For complete consistency of notation, the reader should interchange the symbols L: and L; associated with bands 5 and 6 in SnTe. (These remarks do not apply to Eo.) ( g ) The critical point transitions associated with the main reflectivity peak (E,) in table IV may account for such ER peaks as the following : 2.0 and 2.2 eV in GeTe ; 1.9 and 2.2 eV in SnTe ; 2.2 eV in PbTe ; 3.0 and 3.3 eV in PbSe ; and 3.7 and 4.0 eV in PbS. These tentative assignments provide improved estimates of key critical point transition energies. More incisive interpretations of experimental reflectivity and electroreflectivity spectra await the completion of refined energy band and optical spectrum calculations now in progress [13] .
IX. Concluding remarks. -To recapitulate, provisional energy band pictures have been obtained for GeTe, SnTe, PbTe, PbSe, and PbS by carrying out relativistic OPW band calculations at key points in the reduced zone, and then mapping out the band structure in the remainder of the zone with the aid of an interpolation scheme. These first-principles energy band calculations lead to physically realistic band models which are sufficiently accurate to account for most of the characteristic features of the experimental reflectivity spectra. It is difficult to interpret the electroreflectivity spectra unambiguously, but a number of plausible spectral assignments can be made. By comparing our provisional band pictures with the experimental evidence, improved estimates have been obtained for some key interband transition energies. These estimates are currently being used in refined energy band and optical spectrum calculations [13] . It is anticipated that these refined calculations will provide more incisive interpretations of reflectivity and electroreflectivity spectra, as well as more precise information about the effective masses and other band edge parameters.
X. Acknowledgment. - Let I p, s > be a plane wave spinor with wave vector p, reduced wave vector k, energy and spin S. Let I a, k > be a tight-binding combination of non-overlapping relativistic core wave functions characterized by a = {n, I, j, m, f), energy E,, and reduced wave vector k. Then the inner product of these two vectors is the orthogonality coefficient An orthogonalized plane wave is just the plane wave minus the projection of all core states :
One can immediately write down the expressions for the Hamiltonian and overlap matrix elements between two OPW's under the assumption that the core states are eigenfunctions of the crystal Hamiltonian 
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The atomic wave function is of the form for j = 1 + 112 for j = l -1 1 2 , l # 0 .
G and F are the large and small components of the radial wave function and satisfy X j $: (r -d -f) ~'"'(p) exp(2 nip-r) dr .
A simple change of variables gives
The integral is evaluated by expanding the plane wave in spherical harmonics and Bessel functions, using orthogonality to carry out the angular integration, and recursion relations among the spherical harmonics to collect the terms. With the following definition for the radial integrals the orthogonality coefficients take on a form very similar to the non relativistic case The overlap matrix element is similar, except it has no terms involving V(pl -p), and the energies are all replaced by 1. V(pl -p) is the Fourier transform of the full crystal potential and comes from the plane wave -plane wave part of the matrix element. The valence and conduction energy levels are the eigenvalues of the matrix equation.
Note added in proof. -In this paper we have been concerned primarily with the overall band structure of the IV-V1 compounds, rather than with the detailed shape of the valence and conduction band edges. In view of the difficulties that many workers have encountered in attempting to determine the exact nature of the principal and subsidiary band edges in these materials, it might not be out of place for us to make the following observations :
(a) As can be seen from figs. 1 through 5, there are apparent valence band maxima and conduction band minima along the A and C axes. As already mentioned on p. 71, these maxima and minima are not necessarily absolute extrema. In SnTe, for example, these maxima and minima actually define saddle points. Accordingly, the A and E maxima and minima are not necessarily subsidiary band edges in the same sense that the [l001 conduction band minima in GaAs are, for example. This possibility should be borne in mind in analyzing optical and electronic transport data.
(b) In some of the IV-V1 compounds, the A and C saddle points may lie only a few tenths of an eV RELATIVISTIC BAND STRUCTURE OF GeTe, SnTe, PbTe, PbSe AND PbS C 4 -7 7 below or above the principal valence and conduction band edges a t L. Since there will be ridges in the valence band between the A and saddle points on the one hand, and the L point on the other, the surfaces of constant energy will change from a simple ellipsoidal shape to a highly fluted or warped shape as one moves away from the L point. (Similar remarks can be made for the conduction band.) I n order t o account for some of the transport measurements, it may be necessary to treat the valence and conduction band edges in termes of constant energy surfaces which are ellipsoidal in the immediate vicinity of L, but which rapidly assume a warped form as one moves away from L.
